Abstract. Let S(M ) be the ring of (continuous) semialgebraic functions on a semialgebraic set M ⊂ R m and S * (M ) its subring of bounded semialgebraic functions. In this work we compute
Introduction
A semialgebraic set M ⊂ R m is a boolean combination of sets defined by polynomial equations and inequalities. A continuous map f : M → R n is semialgebraic if its graph is a semialgebraic subset of R m+n . As usual f is a semialgebraic function when n = 1 and Z(f ) denotes its zero set. The sum and product of functions defined pointwise endow the set S(M ) of semialgebraic functions on M with a structure of a unital commutative ring. In fact S(M ) is an R-algebra and the subset S * (M ) of bounded semialgebraic functions on M is an R-subalgebra of S(M ). In this article M denotes a semialgebraic subset of R m and we write S ⋄ (M ) when referring to both rings S(M ) and S * (M ) indistinctly.
Motivation and preliminary notations. Locally compact semialgebraic spaces (and in particular the compact ones) have an advantageous geometrical behavior [BCR, CC, DK2] . To understand the structure of a semialgebraic set M one compares the spectrum Spec(S ⋄ (M )) with those of its semialgebraic compactifications (X, k) (see 1.D). Another important source of valuable information arises from the spectrum Spec(S ⋄ (M lc )) where M lc denotes the (semialgebraic) subset of those points of M that have a compact neighborhood in M (see 1.B). Both types of embeddings M ֒→ X and M lc ֒→ M share many properties and a general study of the induced spectral maps appears in [FG3] . In this framework the study of the fibers of spectral maps induced by general semialgebraic embeddings plays an important role.
Let us fix a semialgebraic set N contained in M . If N is dense in M , the inclusion induces a surjective map from the Zariski spectrum of S * (N ) to the Zariski spectrum of S * (M ). This map is almost everywhere one-to-one except for what happens 'close' to the complement Y := M \N . The size of the fibers of prime ideals 'close' to the complement Y := M \ N provides valuable information concerning how N is immersed inside M . The existence of infinite fibers is in some sense related to the existence of infinitely many semialgebraic ways to tend to Y inside N and one understands that this always occurs if Y has local codimension ≥ 2 in M . The preceding presentation is of course very vague and one main purpose of this paper is to determine the cases when the fibers are finite.
To simplify notation we write Spec 
p). As it is continuous, it maps Spec
) (see 1.C.1(ii)), so the fiber of each prime ideal belonging to Spec Observe that Y = Cl M (N ) \ N is a semialgebraic subset of M whose dimension is by [BCR, 2.8.13 ] strictly smaller than dim(N ) = dim(M ). A special relevant type of sa-tuple (M, N, Y, j, i) arises when N is locally closed; we call it suitable arranged sa-tuple [FG3, §5] .
Notice that if such is the case, N is open in M , so Y = M \ N is closed in M .
Main results. To ease the presentation and the ulterior proofs of our main results we collect them in a lemma and three theorems that we state here in the Introduction. We denote the local dimension of M at a point p ∈ R m with dim p (M ), see [BCR, 2.8.11 ] for further details. Fix a sa-tuple (M, N, Y, j, i) and denote Z := Cl Spec * s (M ) (Y ). Let W N be the multiplicative subset of all bounded semialgebraic functions on N with empty zero set.
Lemma 1 (Reduction to the ring of bounded semialgebraic functions). We have: As M lc is dense in M , the tuple (M, M lc , ρ 1 (M ) := M \ M lc , j, i) is a suitable arranged satuple. It holds by Corollary 1.2 that dim p (ρ 1 (M )) ≤ dim p (M ) − 2 for all p ∈ ρ 1 (M ). Thus, Theorem 3 applies and provides the size of all fibers of Spec * s (j) : Spec * s (M lc ) → Spec * s (M ). Our next purpose is to compute the size of the fibers of the spectral map induced by a general sa-tuple. As we will see in Section 2, we initially reduce this problem to compute the size of the fibers of the spectral map Spec * s (j) : Spec * s (N ) → Spec * s (M ) induced by a suitable arranged sa-tuple (M, N, Y, j, i) where M is pure dimensional.
Finite fibers and threshold of a prime ideal. Let (M, N, Y, j, i) be a suitable arranged sa-tuple such that M is pure dimensional of dimension d. Observe that N ⊂ M lc because N is locally compact and dense in M ; in particular,
is an infinite set. Thus, it only remains to determine what happens for a prime ideal
) be a prime ideal of S * (M ). As we will see in 1.C.4 there exists a unique maximal ideal m * of S * (M ) that contains p. Let m be the unique maximal ideal of S(M ) such that m ∩ S * (M ) ⊂ m * , see 1.C.4. On the other hand, let p be any prime ideal of S * (M ) contained in p such that p ∩ E M = ∅ but q ∩ E M = ∅ for each prime ideal q of S * (M ) that strictly contains p. Notice that such a prime ideal p exists because by Theorem 1.6 no minimal prime ideal of S * (M ) intersects E M . Consider the prime ideal
(I.1) By 1.C.5 it holds p ⊂ p, so p ∈ Cl Spec * s (M ) (ρ 1 (M )). As we see in Lemma 3.1, p is univocally determined by p and if C is a closed subset of M such that p ∈ Cl Spec * s (M ) (C), then p ∈ Cl Spec * s (M ) (C). In addition every non-refinable chain of prime ideals of S * (M ) through p contains also p. In particular, the minimal prime ideals of S * (M ) contained in p are the same as those contained in p. We call p the threshold of p in S * (M ). [Fe, 7.3] ).
Theorem 4 (Finite fibers). The fiber Spec
Structure of the article. In Section 1 we present the preliminary results used in Section 2 to prove Lemma 1 and Theorems 2 and 3. Additionally, in Section 2 we reduce the computation of the size of the fibers of spectral maps induced by semialgebraic embeddings to the case of a pure dimensional suitable arranged sa-tuple, which is approached in Theorem 4. The proof of this result is conducted in Section 3 and we introduce Examples A.1 in the Appendix A to illustrate it. The reading can be started directly in Section 2 and referred to the Preliminaries only when needed.
Acknowledgements. The author is very grateful to Prof. Gamboa for helpful discussions and subtle comments during the preparation of this paper. He is also indebted to S. Schramm for a careful reading of the final version and for the suggestions to refine its redaction.
Preliminaries on semialgebraic sets and functions
In the following M ⊂ R m denotes a semialgebraic set. For each function f ∈ S ⋄ (M ) and each semialgebraic subset S ⊂ M we denote Z S (f ) := {x ∈ S : f (x) = 0} and
is the zero set of f . Sometimes it will be useful to assume that the semialgebraic set M we are working with is bounded. Such assumption can be done without loss of generality because the semialgebraic homeomorphism
A crucial fact when dealing with S ⋄ (M ) is that every closed semialgebraic subset Z of M is the zeroset Z(h) of the (bounded) semialgebraic function h := min{1, dist(·, Z)} on M . We will use that the difference Cl R m (S) \ S has by [BCR, 2.8.13 ] dimension strictly smaller than S for each semialgebraic set S ⊂ R m . 1.A. Bricks of a semialgebraic set. Recall the following decomposition of M as an irredundant finite union of closed pure dimensional semialgebraic subsets of M as well as some of its main properties. There exists a unique finite family {M 1 , . . . , M r } of semialgebraic subsets of M satisfying the following properties: 
We call the sets M i the bricks of M and denote the family of bricks of M with 
1.B. Locally closed semialgebraic sets. Local closedness has been revealed as an important property for the validity of results that are in the core of semialgebraic geometry. This property is the key assumption to guarantee a Hilbert's Nullstellensatz for the ring S(M ) and consequently to assure that the radical ideals of S(M ) coincide with the zero ideals of S(M ) (commonly named as z-ideals). The presence of non units with empty zero set in S * (M ) requires a more sophisticated Nullstellensatz for this ring [FG1] . Locally closed semialgebraic subsets of R n coincide with locally compact ones because the sets Cl R m (M ) and U := R m \ (Cl R m (M ) \ M ) are semialgebraic. If M is locally compact, U is open in R m and M is the intersection of a closed and an open semialgebraic subset of R m . Let us recall some of the main properties of the largest locally compact and dense subset M lc of a semialgebraic set M . Its construction is the main goal of [DK2, ].
is the largest locally compact and dense subset of M and coincides with the set of points of M , which have a compact neighborhood in M .
Proof. Let p ∈ ρ 1 (M ) and suppose by contradiction that dim
as wanted.
1.C. Zariski and maximal spectra of rings of semialgebraic functions. We summarize some results concerning the Zariski and maximal spectra of rings of semialgebraic and bounded semialgebraic functions on a semialgebraic set [FG3, [3] [4] [5] [6] .
is the collection of all prime ideals of S ⋄ (M ) endowed with the Zariski topology, which has the family of sets 1.C.1. Each semialgebraic map h :
The map Spec [FG3, . Let C, C 1 , C 2 , N ⊂ M be semialgebraic sets such that C, C 1 , C 2 are closed in M . Then
if and only if it contains the kernel of the restriction homomorphism φ :
Next we summarize some results obtained in [FG3, [4] [5] that will be crucial for our purposes. Let us denote the set of minimal prime ideals of S ⋄ (M ) with Min(S ⋄ (M )).
Indeed, the inclusion Z Specs(M ) (h) ⊂ L Y is clear, so we only prove the converse one. Let p ∈ L Y and f ∈ p be such that Z(f ) = Y . By [BCR, 2.6.4] there exist an integer k ≥ 1 and
is also a homeomorphism.
Denote the set of prime ideals of [Fe, 4.3] ).
Two relevant examples of z-ideals of S(M ) are maximal and minimal prime ideals [Fe, 4.7, 4.14] . Minimal prime ideals have been characterized geometrically in [Fe, 4.1] 
As for rings of continuous functions [GJ, §7] , the maximal spectra β s M and β * s M of S(M ) and S * (M ) are homeomorphic ( [T, §10] , [FG4, 3.5] ). The map Φ : β s M → β * s M, m → m * , which maps each maximal ideal m of S(M ) to the unique maximal ideal m * of S * (M ) that contains m ∩ S * (M ), is a homeomorphism. In particular, Φ(m p ) = m * p for all p ∈ M . We denote the maximal ideals of S * (M ) with m * and the unique maximal ideal n of S(M ) such that n ∩ S * (M ) ⊂ m * with m. 
Some remarkable properties of this invariant collected in [FG2] and [Fe, §4] are the following:
constituted of a compact semialgebraic set X ⊂ R n and a semialgebraic embedding k : M ֒→ X whose image is dense in X. Of course, it holds S(X) = S * (X). The following properties shown in [FG2, §1] are decisive:
Indeed, we may assume that M is bounded. Now consider X := Cl(graph(f 1 , . . . , f r )), k F : M ֒→ X, x → (x, f 1 (x), . . . , f r (x)) and F i := π m+i | X where π m+i : R m+r → R, x := (x 1 , . . . , x m+r ) → x m+i for i = 1, . . . , r.
1.D.2. Given a chain of prime ideals
Indeed, it is enough to pick f i ∈ p i \ p i−1 for 1 ≤ i ≤ r and to consider the semialgebraic compactification of M provided for the family F := {f 1 , . . . , f r } by 1.D.1.
1.D.3. Let F M be the collection of all semialgebraic compactifications of M . Given two of them (X 1 , k 1 ) and (X 2 , k 2 ), we say that (
is dense in X 2 , by the curve selection lemma [BCR, 2.5.5] there exists a semialgebraic path
which is a contradiction. Conversely, suppose there exists
which is a contradiction. Finally, since ρ is surjective and
is an up-directed set and we have a collection of rings {S(X)} (X,k)∈F M and R-monomorphisms ρ *
We conclude: The ring S * (M ) is the direct limit of the up-directed system S(X), ρ * X 1 ,X 2 together with the homomorphisms k * :
We refer to (X, k) as a brimming semialgebraic compactification of M for p. Of course, if p 1 , . . . , p r are finitely many prime ideals of
1.E. Separation of prime z-ideals. We finish this section showing how the prime z-ideals of S(M ) admit a nice behavior with respect to 'separation'.
To finish we may assume that Z(f i ) is pure dimensional. To that end use the decomposition of Z(f i ) as a union of (closed) bricks, the fact that each brick is the zero set of a semialgebraic function on M and that p i is a prime z-ideal.
Moreover, as
we conclude
as required. Finally, we may assume in addition that Z(f i ) is pure dimensional (see the end of the Proof of Lemma 1.7).
Remark 1.9. The previous lemma applies for instance if p 1 , p 2 are minimal prime ideals contained in a prime z-ideal q.
Proofs of Lemma 1, Theorems 2 and 3 and some consequences
The main purpose of this section is to prove Lemma 1 and Theorems 2 and 3. We also show how to reduce the computation of the size of the fibers of spectral maps induced by (dense) semialgebraic embeddings to the case of pure dimensional suitable arranged sa-tuples. 
/ / Spec * s (M ) and let p ′ := p ∩ S * (M ). By Theorem 2(i) whose proof does not use Lemma 1(i) the map Spec * s (j) : Spec * s (N ) → Spec * s (M ) is surjective. We claim:
Assume that M is bounded and let X 2 := Cl R m+1 (graph(f )) and
By 1.C.2 the image of i N is the collection of all prime ideals of S * (N ) that do not intersect W N , so p = Spec(j)(q ′ S(N )) belongs to the image of Spec s (j).
(ii) The first part of the statement has been already proved in 2.A.1. Once this is proved, the rest of the statement follows straightforwardly from 1.C.2.
(iii) We have to show that the restriction map
is a homeomorphism where
. By Proposition 1.1 we know that N lc is dense in N , so it is also dense in M . Consider the inclusions j 1 : N lc ֒→ N and j 2 : N lc ֒→ M . It holds j 2 = j • j 1 . By Theorem 1.3 we know that the maps
As the following diagrams are commutative,
we conclude that also (2.1) is a homeomorphism, as required. 
To prove the second equality, note first that the inclusion
As h is bounded and g| M \N = 0, we deduce that hg defines an element of
(iii) Let us check first: 
Consequently, the restriction map
and to finish this part we must show:
. By (2.3) and (2.4) we get Spec
Thus, by (2.5) it is enough to prove: 
It is sufficient to show that given g ∈ S * (N ), the following straightforward equality holds:
where φ :
(iv) This follows from the previous statements using Spec * s (h)(β * s N ) = β * s M . 
Before proving this lemma, we need a preliminary result concerning triangulations.
Lemma 2.2. Let (K, Φ) be a triangulation of a closed and bounded semialgebraic set X compatible with a finite family F = {T 1 , . . . , T r } of semialgebraic subsets of X. Let (L, Ψ) be the first barycentric subdivision of K and let σ ∈ L.
where b ǫ i is the barycenter of the simplex ǫ i of K and ǫ i+1 is a proper face of ǫ i (see [S, p.123] 
On the other hand, as
Proof of Lemma 2.1. The proof is conducted in several steps. We begin by proving the following:
2.C.1. For each r ≥ 1 there exist pure dimensional closed semialgebraic subsets M 1 , . . . , M r of M of dimension d and a semialgebraic subset C ′ of C such that:
Assume M bounded and let X := Cl R m (M ). By Theorem [BCR, 9.2 .1] applied to X and the family of semialgebraic sets F = {T 1 := M, T 2 := Y, T 3 := C} there exists a semialgebraic triangulation (K, Φ) of X compatible with F. After a barycentric subdivision, we may assume by Lemma 2.2 that for each d-dimensional simplex σ of K either σ ∩ T k = ∅ or there exists a proper face τ of σ satisfying τ 0 ⊂ σ ∩ Φ −1 (T k ) ⊂ τ for k = 2, 3. We identify |K| with X and Φ −1 (T k 
Indeed, let η be the face of σ 1 generated by the vertices of σ 1 not contained in its face τ 1 . As dim(τ 1 ) ≤ dim(σ 1 ) − 2, we have e := dim(η) ≥ 1. We claim:
This is a contradiction because dim(Y ) ≤ d − 1 and dim(σ) = d. Consider any collection {η 1 , . . . , η r } of pairwise disjoint simplices of dimension e contained in η 0 . A straightforward computation shows that the d-dimensional simplices ǫ i generated by the vertices of τ 1 and η i satisfy the desired conditions. Now one proves readily that the semialgebraic sets C ′ := C 1 and M i := ǫ i ∩ M ⊂ S 1 for i = 1, . . . , r satisfy the required conditions in 2.C.1. Figure 1 . Construction of the semialgebraic sets M i and N i .
2.C.2. Write
As the semialgebraic sets N i are pairwise disjoint closed connected subsets of N , the connected components of r i=1 N i are N 1 , . . . , N r . By 1.C.1 the sets Cl Spec * s (N ) (N i ) are the connected components of Cl Spec * s (N ) ( r i=1 N i ) and in particular they are disjoint.
2.C.3. After the previous preparation we are ready to prove the statement:
Since the sets Cl Spec * s (M ) (N i ) are pairwise disjoint, q i ⊂ q j and q j ⊂ q i for i = j. As this holds for each r ≥ 1, the fiber Spec * s (j) −1 (p) has infinitely many elements.
(ii) If p := m * is a maximal ideal, let n * i be the unique maximal ideal of S * (N ) containing the prime ideal q i constructed in (i) for m * . Note that
As m * is maximal and Spec * s (j)(q i ) = m * , we deduce Spec * s (j)(n * i ) = m * . Thus, the fiber Spec * s (j) −1 (m * ) contains infinitely many maximal ideals. Proof. Let f ∈ P be such that dim(Z(f )) = d M (P) and let C := Z(f ). Since P is a prime z-ideal, we deduce by 1.C.1(i) that P ∈ Cl Specs(M ) (C); hence, p ∈ Cl Spec * s (M ) (C) by 1.C.2. Thus, also q ∈ Cl Spec * s (M ) (C) and one can apply Lemma 2.1. 
Proof of Theorem 3. (i) By Theorem 2(iii) the proof of this statement (and its counterpart in (iv
As this holds for each s ≥ 1, the fiber Spec * s (j) −1 (m * p ) contains infinitely many maximal ideals.
(ii) The proof of this statement (and its counterpart in (iv)) is reduced to prove the following:
be the family of bricks of M . Denote
Define I := {1, . . . , r} and J := {j ∈ I : p ∈ Cl Spec * s (M ) (B j (M ))}. For every i ∈ I \ J there exists by 1.C.
Denote j 0 := min(J) and
, we deduce that Spec * s (j) −1 (p) is by Lemma 2.1 an infinite set. Moreover, if p = m * is in addition a maximal ideal of S * (M ), its fiber contains by Lemma 2.1 infinitely many maximal ideals, as required.
(iii) (and the remaining part of (iv)) Since N is dense in M , we have
Thus, Y is a finite set and Cl Spec * s (M ) (Y ) = Y . Moreover, ∂N is by [FG4, 5.17 ] also a finite set. To finish we must show Spec * s (j) −1 (Y ) ⊂ ∂N . Let p ∈ Y and q ∈ Spec * s (j) −1 (m * p ). Notice that q is not a minimal prime ideal of S * (N ) because otherwise m * p would be by Theorem 1.5(i) a minimal prime ideal of S * (M ), against Theorem 1.6. Since N is one dimensional, each prime ideal of S * (N ) is either minimal or maximal (but not both, see [Fe, 7.3] ). Thus, q is a maximal ideal of S * (N ) and it only remains to check that it is free. Otherwise q = m * q for some point q ∈ N , so m * p = Spec * s (j)(q) = Spec * s (j)(m * q ) = m * j(q) = m * q , which is wrong because p ∈ Y = M \ N .
2.D.
Size of the fibers of a sa-tuple. Let (M, N, Y, j, i) be a sa-tuple and p a prime ideal of S * (M ). To compute the size of the fiber Spec * s (j) −1 (p) we proceed as follows.
2.D.1. Reduction to the case in which M is pure dimensional. Let B N and B M be the families of bricks of N and M . By 1.A we know
Thus,
Moreover, since Spec * s (j) is continuous, Spec
Thus, for our purposes it is enough to compute the size of the fibers of the spectral maps Spec * s (j i ) :
So we assume in the following that M is pure dimensional.
2.D.2. Reduction to the case in which N is locally compact. By Corollary 1.2 it holds that
Cl M (ρ 1 (N )) is a semialgebraic subset of M of (local) codimension ≥ 2; hence, C := Cl M (ρ 1 (N ))∩ Cl M (Y ) is a closed semialgebraic subset of Cl M (Y ) that has (local) codimension ≥ 2 in M . Denote Z 1 := Cl Spec * s (M ) (Y ) and T := Cl Spec * s (M ) (ρ 1 (N )). By 1.C.1 Cl Spec * s (M ) (C) = Cl Spec * s (M ) (Cl M (ρ 1 (N ))) ∩ Cl Spec * s (M ) (Cl M (Y )) = T ∩ Z 1 .
By Theorem 2(ii) it holds
If p ∈ Cl Spec * s (M ) (C), we know by Lemma 2.1 that Spec(j) −1 (p) is an infinite set. Thus, by Theorem 3(ii) we conclude that if p ∈ T , the fiber
So it remains to determine the size of the fiber of a prime ideal p ∈ Spec * s (M ) \ T . Consider the sa-tuple (N, N lc , ρ 1 (N ), j 2 , i 2 ) and denote Z 2 := Cl Spec * s (N ) (ρ 1 (N )). By Theorem 2(iii) the restriction map T ) . Thus, the restriction map Spec
is also a homeomorphism. We have the following commutative diagrams
Therefore, for our purposes it is enough to determine the size of the fibers of the spectral map induced by the suitable arranged sa-tuple
the prime ideals p ∈ T we have already computed the size of the fiber Spec * s (j) −1 (p) in (2.6) and if p ∈ Spec * s (M ) \ T , we know, as the restriction map in (2.7) is a homeomorphism, that the fiber Spec * s (j) −1 (p) is homeomorphic to the fiber Spec * s (j 3 ) −1 (p) (see diagram (2.8)). So we assume that N is locally compact and we are reduced to study the case of a suitable arranged sa-tuple (M, N, Y, j, i) such that M is pure dimensional. This case is fully studied in Theorem 4 that we prove in the next section.
Proof of Theorem 4
In this section we prove Theorem 4. Its proof is quite involved and requires some preliminary results. In the following (M, N, Y, j, i) denotes a suitable arranged sa-tuple such that M is pure dimensional of dimension d. In particular, in the following Y is a closed subset of M .
3.A. Preliminary results.
Recall that W M is the multiplicative set of those functions f ∈ S * (M ) such that Z(f ) = ∅ and E M is the multiplicative set of those f ∈ S(M ) such that
C). (iii) Every non-refinable chain of prime ideals of S
Proof. Consider the auxiliary suitable arranged sa-tuples
Note that N ⊂ M lc because N is locally compact and dense in M , ρ 1 (M ) ⊂ Y and j = j 1 • j 2 . By Theorem 2(iii) the restriction map
The size of the fiber Spec * s (j) −1 (p) coincides with the one of Spec * s (j 2 ) −1 (p 1 ) because they are homeomorphic sets. Thus, to prove statement (v) we are reduced to prove that Spec * s (j 2 ) −1 (p 1 ) is an infinite set. We prove all statements simultaneously by distinguishing two cases:
is univocally determined by p. By 1.C.5(iii) m ∈ Cl Specs(M ) (C) and m∩S * (M ) ∈ Cl Spec * s (M ) (C) and by 1.C.5(ii) every non-refinable chain of prime ideals of S * (M ) containing p contains also p. Moreover, pS(M ) = m is a prime z-ideal because it is maximal. It only remains to prove (v).
Let us prove first that m ∩ E M = ∅. Indeed, as p ∈ Z 1 , we deduce m ∩ S * (M ) ∈ Z 1 ; hence, by 1.C.1(i) m ∈ Cl Specs(M ) (ρ 1 (M )). As m is a prime z-ideal (because it is maximal), m ∩ E M = ∅. Now our claim follows from Theorem 1.3. 3.A.2. As p ∈ Z 1 , the fiber Spec * s (j 1 ) −1 ( p) is a singleton { p 1 }. As p ⊂ p, we deduce by Theorem 1.5(iv) that p 1 ⊂ p 1 . We claim Case 2. If p ∩ W M = ∅ and p ∩ E M = ∅, we have p = p, so it is univocally determined by p (and it also holds (iii)). By Theorem 1.3 and 1.C.2 pS(M lc ) is a prime ideal of S(M lc ) that satisfies pS(M lc ) ∩ S(M ) = pS(M ). As M lc is locally compact, pS(M lc ) is a prime z-ideal, so by 1.C.3 pS(M ) is also a prime z-ideal.
is by Corollary 2.3 an infinite set, so this situation is completely approached. Assume next p ∩ W M = ∅ and p ∩ E M = ∅. As E M ⊂ W M lc and p 1 ∩ S * (M ) = p, we have p 1 ∩ W M lc = ∅. Let m 1 * be the unique maximal ideal of S * (M lc ) that contains p 1 and let m 1 be the unique maximal ideal of S(M lc ) such that m 1 ∩ S * (M lc ) ⊂ m 1 * . By 1.C.5(ii) we know
( 3.1) 3.A.3. We claim: p = m 1 ∩ S * (M ). Assume this proved for a while. As m 1 is univocally determined by p 1 , we conclude that p is univocally determined by p (and this proves (i)).
Indeed, let q be a prime ideal of S * (M ) contained in p. As p ∈ Z 1 , we have q ∈ Z 1 , so Spec * s (j 1 ) −1 (q) is a singleton {q 1 }. By Theorem 1.5(iv) it holds q 1 ⊂ p 1 . Let us check:
, the definition of p and the equality Spec * s (
The fact that Spec * s (j 1 ) −1 (q) is a singleton for each prime ideal q ⊂ p together with m 1 ∩ S * (M ) = p and equation (3.1) imply by 1.C.5(ii) that statement (iii) holds.
3.A.4. Next we claim:
. Indeed, by 1.C.1(i) we have to show that if Z(g) = Cl M (C \ ρ 1 (M )), then g ∈ p 1 . As p ∈ Z 1 , there exists h ∈ S * (M ) \ p such that Z(h) = ρ 1 (M ). As C ⊂ Z(gh) and p ∈ Cl Spec * s (M ) (C), we have hg ∈ p ⊂ p 1 . As h ∈ p and p = p 1 ∩ S * (M ), we conclude h ∈ p 1 , so g ∈ p 1 . Consequently, (and this proves (ii) ).
is a prime z-ideal, so statement (iv) holds. By Corollary 2.3 and equation (3.1) we deduce that Spec * s (j 2 ) −1 (p 1 ) is an infinite set, which proves (v), as required.
is an infinite set. In §3.C we will prove the converse of this fact, namely:
· · · p r = m * be the collection of all prime ideals of S * (M ) that contain p 1 . Let q 1 be a prime ideal of S * (N ) such that Spec * s (j)(q 1 ) = p 1 and let q 1 · · · q s be the collection of all prime ideals of S * (N ) that contain q 1 . Then s = r.
Proof. The proof is conducted in several steps.
Step 1. Assume that M is bounded. Let f i ∈ p i \ p i−1 for i = 2, . . . , r and f 1 ∈ p 1 be such that dim(Z(f 1 )) = d M (m) and Z(f 1 ) = Y . After substituting M with graph(f 1 , . . . , f r ), we may assume that each f i can be extended continuously to X 1 := Cl R m (M ) = Cl R m (N ). Consider the inclusion k 1 : M ֒→ X 1 and denote P i := p i ∩ S(X 1 ). Observe f i ∈ P i \ P i−1 . 3.A.6. Let g j ∈ q j \ q j−1 for j = 2, . . . , s and consider the semialgebraic compactification of N k 2 : N ֒→ X 2 := Cl R m+s−1 (graph(g 2 , . . . , g s )), x → (x, g 2 (x), . . . , g s (x)). Denote Q j := q j ∩ S(X 2 ) and observe g j ∈ Q j \ Q j−1 . Consider the (surjective) projection π : X 2 → X 1 , (x, y) → x. Let us prove :
Indeed, observe first
On the other hand,
Consequently, we have the following commutative diagram
As f 1 • π ∈ Q 1 and Z(f 1 ) = Y , we deduce by 1.C.6(iii)
Step 2. As k 2 (N ) and N are respectively dense in the d-dimensional semialgebraic sets X 2 and
which is surjective. By [BCR, 9.3.3] there exists a closed semialgebraic subset V of Y of dimension dim(V ) < dim(Y ) such that π| π −1 (Y ) has a semialgebraic trivialization over each connected component of Y \ V . We may further assume that Y \ V is pure dimensional and locally compact. In our case, the trivialization property means that for each connected component Y ℓ of Y \ V there exists a finite set F ℓ and a semialgebraic homeomorphism θ ℓ : (T ) . Notice that T is locally compact. Indeed, as Y \V is locally compact and dense in Y \ V , it is an open subset, so T is an open subset of T . As T is compact, T is locally compact.
Step 3. Write p := p i for i = 1, . . . , r and let us prove: p ∈ Cl Spec * s (M ) (V ) and consequently
Suppose first by contradiction that p ∈ Cl Spec * s (M ) (V ). By 1.C.1 we have a homeomorphism
The subchain p 1 = m ∩ S * (M ) · · · p r = m * is by 1.C.5 the same for every non-refinable chain of prime ideals in S * (M ) ending at m * . As p j ∩ W M = ∅ for j ≥ 2, we deduce a ′ ⊂ p 1 because a is a minimal prime ideal of
which is a contradiction. Therefore p ∈ Cl Spec * s (M ) (V ).
Step 4. We claim:
, we deduce by Theorem 2(ii)
As Q 1 is a prime z-ideal, we deduce by 1.C.1(i) that
Step 5. Consider the commutative diagram
that induces the following commutative one
As the chain p 1 · · · p r is non-refinable, the same happens to the chain
3.A.9. It holds:
3.A.10. By Theorem 1.5(iv) there exists a chain of prime ideals p ′′ 
3.A.12. Let us check now:
To that end, we show first: P ′ 1 is a minimal prime ideal of S(Y \ V ). Once this is proved, its fiber under Spec * s (i 2 • i 3 ) is by Theorem 1.5(i) a singleton; hence, Spec
3.A.13. As Spec * s (j) maps the chain q 1 · · · q s onto the chain p 1 · · · p r , Spec * s (π)(Q 1 ) = P 1 (by (3.2)) and the following diagrams are commutative
we conclude that Spec * s (π) maps the chain Q 1 · · · Q s onto the chain P 1 · · · P r . Let Q ′ j be the unique prime ideal of Spec * s (T ) 
3.A.14. By Theorem 1.5(iv) there exists a chain of prime ideals q ′′
and by 3.A.12 that Spec * s (π| T )(q ′′ 1 ) = p ′′ 1 , as required.
3.A.15. For the sake of clearness let us summarize all the previous information:
3.A.18. Finally we prove: Spec * s (j) −1 (p) is a singleton. Suppose by contradiction that Spec * s (j) −1 (p) is not a singleton. Then there exist two distinct prime ideals q 1 , q 2 ∈ Spec * s (N ) such that Spec * s (j)(q i ) = p. In particular tr deg R (qf(S * (N )/q i )) = d − 1. Let b i ⊂ q i be a minimal prime ideal of S * (N ). By Theorem 1.5(iii) Spec * s (j)(b i ) is a minimal prime ideal of S * (M ) contained in p; hence, Spec * s (j)(b i ) = a. By Theorem 1.5(i) the fiber Spec * s (j) −1 (a) is a singleton, so b 1 = b 2 . Thus, we may assume by 1.C.5 that b 1 ⊂ q 1 q 2 . By 1.D.2 and 1.D.5 there exists a brimming semialgebraic compactification (X, k) of N such that q 1 ∩ S(X) q 2 ∩ S(X) and qf(S(X)/(q i ∩ S(X))) = qf(S * (N )/q i ) for i = 1, 2. By 1.C.6(ii) we deduce, as X is locally compact, that
which is a contradiction, as required.
3.B.
Proof of the quantitative part of Theorem 4 for singleton fibers. Our purpose here is to prove the following:
) is a singleton if and only if p contains exactly one minimal prime ideal of S * (M ).
Proof of the quantitative part of Theorem 4 for singleton fibers. Assume first that the threshold p contains only one minimal prime ideal. As
it holds p = p and we are done, so we assume p ∩ E M = ∅. Indeed, if p ∩ W M = ∅, there is nothing to prove, so we assume p ∩ W M = ∅. Consider the suitable arranged sa-tuples (M, M lc , ρ 1 (M ), j 1 , i 1 ) and (M lc , N, M lc \ N, j 2 , i 2 ). Denote Z := Cl Spec * s (M ) (ρ 1 (M )) and recall that by Theorem 2(iii) the restriction map Spec
is a homeomorphism. As p ∈ Z (by hypothesis), the fiber Spec * s (j 1 ) −1 (p) is a singleton whose unique element is denoted by p 1 ∈ Spec * s (M lc ) \ Spec * s (j 1 ) −1 (Z). As j = j 1 • j 2 , the sizes of Spec * s (j) −1 (p) and Spec * s (j 2 ) −1 (p 1 ) coincide. As p ⊂ p and p ∈ Z, we deduce p ∈ Z, so Spec
Notice that p 1 contains only one minimal prime ideal of S * (M lc ) because (3.3) is a homeomorphism, p ∈ Z and p contains only one minimal prime ideal of
Thus, substituting M by M lc and p by p 1 , we are under the hypotheses of 3.B.1 (together with those in the statement) and the sizes of Spec * s (j) −1 (p) and Spec * s (j 2 ) −1 (p 1 ) coincide.
3.B.2. Assume in the following p ∩ W M = ∅ and p = m ∩ S * (M ) for some maximal ideal m of S(M ). As p contains only one minimal prime ideal, also m contains only one minimal prime ideal that we denote with a 0 . In particular, as M is pure dimensional, it holds by Theorem 1.6 that
we deduce by 1.C.6(ii) that there does not exist any prime ideal between a 0 and m. By 1.C.2 p 0 := a 0 ∩ S * (M ) is the unique minimal ideal of S * (M ) contained in p. By 1.C.5(ii) we conclude that the collection of all prime ideals of S * (M ) containing p 0 is
It follows from Theorem 1.5(i) that there exists only one minimal prime ideal q 0 of S * (N ) such that Spec * s (j)(q 0 ) = p 0 . Let q 0 q 1 · · · q s be the collection of all prime ideals of S * (N ) that contain q 0 . Observe Spec * s (j)(q 1 ) = p 1 and by Lemma 3.3 we conclude r = s. Summarizing, we conclude by Theorem 1.5 that the fibers of all prime ideals in the chain (3.4) are singletons; hence, in particular, Spec * s (j) −1 (p) = {q ℓ } is a singleton.
3.B.3. Assume next that the fiber Spec * s (j) −1 (p) is a singleton. Let us prove that p contains a unique minimal prime ideal of S * (M ). As p ∩ W M = ∅, by 1.C.2 it is enough to check that the prime ideal P = pS(M ) of S(M ) contains only one minimal prime ideal of S(M ). Suppose by contradiction that P contains two different minimal prime ideals Q 1 and Q 2 of S(M ). Fix g ∈ S(M ) such that Z(g) = Y . As P ∈ Cl Specs(M ) (Y ), we have g ∈ P and by Lemma 1.8 there exist
As N is locally compact, so are N 1 and N 2 . Moreover, N 1 and N 2 are disjoint because
is not a singleton, which is a contradiction. Thus, P contains only one minimal prime ideal of S(M ), as required.
3.C. Proof of the remaining part of Theorem 4. Our purpose here is to prove:
, then the fiber of p is a finite set and whose size equals the number of minimal prime ideals of S * (M ) contained in p.
Proof of the remaining part of Theorem 4. We may assume that M is bounded and denote X := Cl R m (M ). By Theorem [BCR, 9.2 .1] applied to X and the family of semialgebraic sets F := {M, N, Y } there exists a semialgebraic triangulation (K, Φ) of X compatible with F. For simplicity we identify all involved objects with their images under Φ −1 and denote P := pS(M ), which is a proper prime ideal of S(M ) because p ∩ W M = ∅.
3.C.1. Let τ 0 1 , . . . , τ 0 r be all simplices of K contained in Y . We know by the compatibility property of the semialgebraic triangulation (
, we may assume h 1 ∈ p and write T := T 1 and τ := τ 1 . Note in particular that P ∈ Cl Specs(M ) (T ) as P is a prime z-ideal; hence, p ∈ Cl Spec * s (M ) (T ) .
is an open neighborhood of τ 0 in M (as it is the star of τ 0 ). Thus, M 0 := M \ U is a closed semialgebraic subset of M that satisfies 
As N i is closed in N , each N i is locally compact. If we denote the inclusions with j i : N i ֒→ M i and i i : 
Cl Spec * s (N ) (N i ).
Consequently, the size of the fiber Spec * s (j) −1 (p) coincides with the sum of the sizes of the fibers Spec * s (j i ) −1 (p i ) for i = 1, . . . , s. Denote the unique prime ideal of S(M i ) whose image under Spec * s (l i ) is p with p i for i = 1, . . . , s. As p ∩ W M = ∅ and p ∈ Cl Spec * s (M ) (M i ), one can check that p i ∩ W M i = ∅. By Lemma 1(ii) { P i := p i S(M i )} = Spec s (l i ) −1 ( P) and, as P ∈ Cl Specs(M ) (M i ), it holds d M i ( P i ) = d M ( P) = d − 1. In addition, as P ∈ Cl Spec * s (M ) (T ) and T ⊂ M i , we deduce P i ∈ Cl Spec * s (M i ) (T ) .
3.C.3. We claim: p i contains exactly one minimal prime ideal of S * (M i ).
Indeed, fix i = 1, . . . , s and suppose that there are two minimal prime ideals a 1 , a 2 of S * (M i ) contained in p i . By Theorem 1.6 d M i (a j S(M i )) = d for j = 1, 2. Let g ∈ p i be such that Z M i (g) = T . By Lemma 1.8 there exist f j ∈ a j \ a k if j = k such that Z M i (f 2 1 + f 2 2 ) ⊂ Z M i (g) and Z M i (f j ) is pure dimensional for j = 1, 2. Substituting g with g 2 + f 2 1 + f 2 2 , we may assume 
is an open subset of σ i . As dim(Z M i (g)) = d − 1 and dim(σ i ) = d, we deduce Z M i (g) \ C = ∅, so Z M i (g) ⊂ T ∩ C. But this is impossible because T ∩ C has dimension ≤ d − 2 and Z M i (g) has dimension d − 1. We conclude that p i contains only one minimal prime ideal, as required.
3.C.4. There exist exactly s minimal prime ideals of S(M ) contained in p.
Let a i be the unique minimal prime of S * (M i ) such that a i ⊂ p i . It holds q i := Spec * s (l i )(a i ) p, so a i ∩W M = ∅. As a i S(M i ) is a minimal prime ideal of S(M i ), it is a z-ideal, so Q i := q i S(M ) is by 1.C.3 also a z-ideal. Consequently, by 1.C.6(ii) d ≥ d M (Q i ) > d M ( P) = d − 1, so Q i is a minimal prime ideal of S(M ) by Theorem 1.6. Thus, q i is a minimal prime ideal of S * (M ). Of course, q i = q j if i = j because otherwise (T ) and this is impossible because dim(T ) = d − 1 and dim(Z(f )) = d for each f ∈ p i . Conversely, let q be a minimal prime ideal of S(M ) contained in p. Then q ∈ Cl Spec * s (M ) (M 0 ), so q ∈ Cl Spec * s (M ) (M i ) for some i = 1, . . . , s. Since Cl Spec * s (M ) (M i ) ∼ = Spec * s (M i ) and p i contains exactly one minimal prime of S(M i ), we deduce q = q i , so there are exactly s minimal prime ideals of S(M ) contained in p.
3.C.5. Finally, as p i contains exactly one minimal prime ideal of S(M i ) and d M i ( P i ) = d−1, we deduce by 3.B that Spec * s (j i ) −1 (p i ) is a singleton. Thus, the size of Spec * s (j) −1 (p) is equal to s, so it coincides with the number of minimal prime ideals of S(M ) contained in p, as required.
Appendix A. Examples
We provide some enlightening examples to illustrate Theorem 4 and Lemmas 3.3 and 3.4. We develop them in full detail for the sake of the reader. Only the primality of q requires a coment. Indeed, let f 1 , f 2 ∈ S(X m ) be such that f 1 f 2 ∈ q and let (K, Φ) be a semialgebraic triangulation of X m compatible with Z(f 1 ) and Z(f 2 ). Let σ be an indicator simplex for (K, Φ). Since Φ(σ) ⊂ Z(f 1 f 2 ) and (K, Φ) is compatible with Z(f i ), we may assume Φ(σ 0 ) ⊂ Z(f 1 ); hence, Φ(σ) ⊂ Z(f 1 ). Thus, f 1 ∈ q and we conclude that q is a prime ideal. For each k = 1, . . . , m define X k := [0, 1] k × {0} ⊂ R m . Clearly, {0} X 1 · · · X m is a chain of closed subsets of X m . The restriction homomorphism ϕ k : S(X m ) → S(X k ), f → f | X k is by [DK1] surjective, so the ideal q k constructed in (i) for X k provides a prime ideal q m−k := ϕ 
